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ABSTRACT. We study the question of finding big Bruhat intervals that are poset hyper-
cubes in the symmetric group S,. Using permutations suggested by AlphaEvolve (an
evolutionary coding agent developed by Google DeepMind), we were led to an unusual sit-
uation in which the agent produced a pattern which performed well for the n tested, and
which we show works well for general n. When n is a power of 2 we exhibit a hypercube of
dimension O(nlogn), matching the largest possible dimension up to a constant multiple.
Furthermore, we give an exact characterization of the vertices of this hypercube: they are
precisely the dyadically well-distributed permutations—a simple digitwise property that
already appeared in connection with Monte Carlo integration and mathematical finance.
The maximal dimension of a Bruhat interval that is an hypercube in S,, gives a lower
bound (and possibly is equal to) the maximal possible coefficient of the second-highest
degree term in the Kazhdan-Lusztig R-polynomial in S,. As a surprising consequence,
we obtain a new lower bound of order nlogn for the maximal number of frozen variables
appearing in the cluster algebras attached to the open Richardson varieties in S,, and a
similar result for moduli spaces of embeddings of Bruhat graphs.

1. INTRODUCTION

Consider the symmetric group S, equipped with the Bruhat order. We study the question
of how large a hypercube (i.e. boolean) interval can occur inside S,. To the best of our
knowledge, this problem was first posed in Reading’s thesis [Rea02], which established lower
bounds for all finite irreducible Coxeter groups. In the specific case of S, he showed that
the largest hypercube has at least rank

n—2
-1 .
n —1—{ 5 J

Further works that revolve around this problem include |[Ten07; HV09; Ten22; |LMP21].
In this paper, we find an interval in S, which is poset isomorphic to a hypercube whose
dimension is within a constant mutliple of the maximal possible size.
More precisely, our main theorem is the following (see § [2| for undefined terms):

Theorem 1.1. Consider the symmetric group on 2™ elements, for m > 1. The set of
dyadically well distributed permutations forms an interval in Bruhat order. This interval is
poset isomorphic to a hypercube of dimension m2™ !,

By Stirling’s formula, any hypercube inside Som is of dimension bounded by m2™. Thus
the dimension of our hypercube is within a constant factor of largest possible.

The interval referred to in Theorem [2.21] consists of permutations which are “dyadically
well distributed,” a number-theoretic condition related to binary expansion. We remark
that the definition of dyadically well distributed permutations does not involve any Lie
theoretic data so the fact that this set is indeed a Bruhat interval is quite striking. To
the best of the authors’ knowledge this is the first instance this phenomenon occurs in a
non-trivial way.
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1.1. Background. The existence of natural and large hypercubes in Bruhat order is sur-
prising. Anyone who experiments with Bruhat order will notice that the majority of small
intervals are small hypercubes. It is also easy to see that the interval between the identity
and any Coxeter element (for example, $153...5,—1, where s; denotes a simple transposition)
is a hypercube of dimension n — 1. It is perhaps suprising that there exist hypercubes of
dimension larger than n — 1 (see Figure [I). Moreover, as the intervals become larger it
becomes harder and harder to find hypercubes (see Table [1)). This might lead one to guess
that there are no hypercubes of superlinear dimension in Bruhat order. Our main result
shows that the intuition gained from these small examples is far from the reality.
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FiGURE 1. The first “unexpected” hypercube in S4 of dimension 4. This
hypercube is also the first interesting example of our construction.

A similar phenomenon occurs in cluster algebras. It was long conjectured, and recently
proved, that open Richardson varieties attached to pairs of permutations admit cluster
structures |Cas+25a; (GLS|. A crucial invariant of a cluster variety is its number of frozen
variables, which is roughly the maximal possible rank of a faithful torus action. Initially,
it was thought that this number could be at most n — 1 in S,,, as this is the dimension of
the naturally acting maximal torus in SL(n). But one can find open Richardson varieties
for S, that are tori of rank greater than n — 1. The realization that this number of frozen
variables is mysterious provided an important step in finding the cluster structure. After
cluster structures on open Richardson varieties had been constructed, it was realised that
the number of frozen variables is equal to the Kazhdan-Lusztig d-invariant (see §, which
is readily computable, and easily seen to occasionally exceed n — 1. The intervals of this
paper provide examples where the number of frozen variables is nlogn, greatly exceeding
any known family of examples.

A related phenomenon occurs in studying the combinatorial invariance conjecture of
Dyer and Lusztig. Here the problem is to prove that isomorphic Bruhat intervals give
rise to equal Kazhdan-Lusztig polynomials. Any Bruhat interval has a natural embedding
inside h*, the dual of the Lie algebra of a maximal torus. It is well known that one can
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recover the Kazhdan-Lusztig polynomial from this embedded graph. Thus, it is natural
to try to prove the conjecture by relating embeddings associated to different incarnations
of isomorphic intervals. Surprisingly, geometric embeddings of isomorphic intervals can
have greatly differing dimensions. For example, hypercubes may appear embedded in a
space of dimension much lower than their “natural” dimension. In an attempt to overcome
this difficulty, Hone, Klein and the last author introduced a notion of a non-degenerate
embedding, and study their moduli. In striking similarity to the cluster algebra story, the
dimension in which this embedding lives is difficult to compute, appears related to the d-
invariant, and may be considerably larger than n — 1 (the dimension of h*). The examples
of this paper provide intervals where this “natural dimension” is much higher than naively
expected.

A related motivation for the consideration of hypercubes in Bruhat order is again re-
lated to the combinatorial invariance conjecture. Motivated by Al experiments, Blundell,
Buesing, Davies, Velickovi¢ and the last author conjectured a new formula for Kazhdan-
Lusztig polynomials based on the Bruhat graph [Dav+21} [Blu+22], which (if true) would
imply combinatorial invariance. This work has led to renewed interest in combinatorial
invariance [BM25; GW24; BG23| and a proof for elementary intervals [BG25|. The formula
relies on the choice of “hypercube decomposition” of the interval, which provides an iter-
ative way to build Bruhat intervals from hypercubes. In [Blu+22], a simple construction
proves that one can do this in n — 1 steps for any interval in .S,,, however experimentally one
can often be much more efficient. This efficiency is related to the existence of unexpectedly
large families of hypercubes.

|

\ hypercubes \ total \ ratio ‘

k

3 223704 | 241620 | 0.9259
4 286108 | 387932 | 0.7375
5 231484 | 498176 | 0.4647
6

7

8

111064 | 536860 | 0.2069
27484 | 502031 | 0.0547
2736 | 417142 | 0.0066

9 64 | 313063 | 0.0002

10 0| 214478 | 0.0000
11 0| 134933 | 0.0000
12 0| 78104 | 0.0000

TABLE 1. Hypercubes of length &k / total intervals of length k for S;

1.2. Methodology. The large hypercube that is the subject of this paper was discovered
using a novel experimental methodology. Namely: we searched for pairs of permutations
in Sy, not by any form of exhaustive search (which would be impractical for any but
the smallest n) but using a protocol called AlphaEvolve, recently developed by Google
DeepMind. This protocol is an evolutionary algorithm in which programs evolve in time,
using a large language model as the mode of reproduction, with “fitness” determined by the
program’s ability to generate output that meets a user-specified mathematical objective. In
this case, we were searching for pairs of permutations whose Kazhdan-Lusztig d-invariant
was as large as possible.

We will describe our experimental process in some detail in Section[d] in the hope that this
description will be useful for other mathematicians interested in adopting these methods.
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There is already quite a bit of evidence that AlphaEvolve and related protocols can be
used to generate examples of mathematical interest (see e.g. [Rom+24; Ell+25; Geo+25].)
Quite naturally, a great deal of the research so far has focused on problems that have already
been the subject of substantial mathematical effort; in dozens of cases, researchers have been
able to use AlphaEvolve to match or incrementally improve upon the best examples in the
existing literature. Typically (though not universally) the incremental improvements are
difficult to interpret; for instance, the large cap set in (Z/3Z)® found in [Rom+24] is larger
than any yet discovered, but so far we have not been able to concoct a satisfying story of
“why” this cap set is so large, and it is possible that no such story exists.

The present project is somewhat different. The problem of finding large d-invariants,
or large hypercubes, is one of natural interest, but there is not a large existing literature
about it. And the example we found using AlphaEvolve is qualitatively different from
the best one we knew, having a larger asymptotic order of growth in n. What’s more,
the permutations (more precisely, the program that generated the permutations) is highly
interpretable; within a few days we were able to explain to ourselves why it worked, and
thus to prove that the machine-generated examples for small n in fact generalized to all n.
In particular, our intuition is that the large hypercube presented in this paper is an object
of mathematical interest in its own right, and that there is more to learn about and from
it.
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2. DYADICALLY WELL-DISTRIBUTED PERMUTATIONS

In this section we introduce the main object of study of the paper: the class of dyadically
well-distributed permutations. We establish their fundamental properties and determine
the cardinality of the set of such permutations. In particular, we show that this class forms
a Bruhat interval isomorphic to a hypercube, precisely the large hypercube mentioned in
the introduction.

2.1. Basic properties. Throughout the paper we fix a positive integer n. We denote by
[n] the interval with n elements {0,...,n — 1}. We think of S,, as the set of bijections on
[n]. Henceforth we will assume that n = 2.

Definition 2.1. For k > 0, a basic k-interval is an interval in [2] of the form [c2*, (c +
1)2%F — 1]. Henceforth, we identify FJ* with [2™] via

m—1

m—1—1

(ao,al,...,am_l) — E a;2 .
1=0



Under this identification, a basic k-interval is determined by fixing the first m — k bits.

For a basic k-interval S, we let Pg denote the unique binary string of length m — k that
appears as the first m — k bits of every element of S.

We say that a permutation 7 is dyadically well-distributed if, for every basic kj-interval
S and ks-interval T, with ki + ko = m, there exists exactly one element i € S such that
(i) eT.

We denote by D,, the set of all dyadically well-distributed permutations in Som.
Remark 2.2. For 7 € Sym we define its permutation matrix M; = (m;;) by m;; = 1
if 7(j) = i and 0 elsewhere. Identifying an element 7 € Som with its permutation matrix
M, € Matomyom, we obtain a more pictorial interpretation of dyadically well-distributed
permutations. For each k = 0, ..., m, tile M, into blocks of size 2% x 2™~F starting from the
upper-left corner and proceeding in a left-to-right, top-to-bottom fashion (i.e., in reading
order). Then m € D,, if and only if each such block contains exactly one entry equal to 1
(see Figure [2).

When k£ = 0 and £ = m the above condition is automatically satisfied for any permu-
tation. Thus, to check whether m € D,, it is enough to check the above condition for
0<k<m.

Definition 2.3. By a fundamental block in a matrix M € Matomyom we will mean a
(2% x 2m=*)-block as considered in Remark

Definition 2.4. We inductively define elements x,, € Som as follows:
x1 = (0,1) € S,
xe = (0,2,1,3) € Sy,
x3 = (0,4,2,6,1,5,3,7) € Sg,

In other words,
Tmt1 = (2m(0), 2, (0) + 2" 2 (1), 2 (1) + 2™ ooy 2 (2™ — 1), 2, (27 — 1) + 2) € Som.
Define y,,, as the reverse element in one line-notation, i.e.
Ym = (@m(2" = 1), 2m(1), 2m(0)).
Example 2.5. Let m = 4. In this case we have

x4 =(0,8,4,12,2,10,6,14,1,9,5,13,3,11,7, 15)
ys = (15,7,11,3,13,5,9,1, 14,6, 10, 2,12, 4,8, 0).

The permutation matrices of x4 and y4 are depicted in Figure [2l This figure also shows the
fundamental blocks, making it evident that x4 and y4 are elements of Dy.

Remark 2.6. Let us explain why the permutations x,, and y,, are more natural than they
may first appear. Identifying the set [2™] with F" as before, the permutations z,, and y,,
correspond to affine maps in GL(F5") x F5* C S,, defined by the formulae:

Tm(ag,...,am—1) = (Gm-1,...,00) and Ym(ags -y am-1) = (Gm_1,..-,00),
where a; = a; + 1.
For a,b € [n] we denote by (a,b) the transposition that interchanges a and b.

Definition 2.7. Let 7 = (z1,...,2,) € S,. We define the length of 7, {(7), as the number
of inversions of 7. That is,

((m) = #{(i,4) € [n]* | i < j and 7(i) > 7 (j)}.
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012345678 9101112131415 012345678 9101112131415 012345678 9101112131415
0le ° 0le ° 0le °
1 ole 1 ole 1 ole
2 o ° 2 ° ° 2 ° °
3 ° ° 3 ° ° 3 ° °
4 ° ° 4 ° ° 4 ° °
5 ° ° 5 ° ° 5 ° °
6 ° ° 6 ° ° 6 ° °
ird ° [ ird ° [ ird ° [
8 . ° 8 . ° 8 ° °
9 ° ° 9 ° ° 9 . °
10 ° ° 10 ° ° 10 ° °
11 L o 11 L o 11 L4 °
12 ° ° 12 ° ° 12 ° °
13 ° o 13 ° L] 13 o °
14 ole 14 ole 14 ole
15 |e o| 15 |e o| 15 |e °

Fundamental bocks of size 2% x 2! Fundamental bocks of size 22 x 22 Fundamental blocks of size 2! x 22

FIGURE 2. M,, (blue) and M,, (red) with fundamental blocks highlighted.

In the following lemma we collect some basic facts about permutations x,, and y,.

Lemma 2.8. Let m > 1. Then we have

(1) xy, and yp, are involutions.

(2) TmYm = YmTm = wo, where wo denotes the longest element in Som.

(3) Tm,Ym € Dm.

(4) Uxm) = 2m72(2m —(m+1)) and £(ym) = 2™ 2(2™+(m—1)). Thus, £(ym)—l(Tm) =
m2m—1,

Proof. The first two claims follow directly from Remark

We now focus on the third claim. By Items [I] and [2] we have y,,, = x;,wg. Therefore, it
is enough to show x,, € D,,.

We fix k € {0,...,m}. Let S and T be basic (m — k)- and k-intervals, respectively. Let
Pg € F’§ and Pr € Fg”_k be the binary sequence associated to S and T, respectively. In
order to show that x,, belongs to D,, we must verify that there is a unique ¢ € S such
that x,,(i) € T. It is easy to see that the unique 7 that satisfies both conditions is the one
associated to the m-bit binary sequence Pg P ! where Py 1 denotes the reverse of Pr. We
have thus proved z,, € D,,.

It remains to prove the length formula for x,,; the case of y,, being analogous. We recall
that ¢(x,,) coincides with the number of inversions, i.e. the number of pairs (i, j) with i < j
such that z,, (i) > xm(j)-

It is immediate that ¢(z1) = 0 and ¢(z2) = 1. For m > 3, we claim that

U(x) = 20(Tp—1) + (2771 = 1)2m 72 (2.1)

To see this, write the one-line notation of z,, as a concatenation x,, = (am | b ), where
each block has length 2™~ By construction, both a,, and b,, encode copies of z,,_1, so
together they contribute 2¢(z;,—1) inversions.

Let (), be the number of inversions of x,, involving an entry in a,, and one in b,,. Since
entries in a,, are even and those in b, are odd, each entry k € a,, contributes exactly k/2
to Cp,. Summing over all even numbers from 0 to 2™ — 1, we obtain

Cp = (271 — 1) . 2m72,

This proves the recursion ([2.1)).
Solving the recurrence with the initial conditions ¢(z1) = 0, {(z2) = 1, we find

Uzpm) =2"72(2™ — (m + 1)),



as desired. O

The Bruhat order in the symmetric group is defined as follows.

Definition 2.9. Let m,m € 5,,. We write m; < my if there exists a sequence of transposi-
tions t1,...,tx € S, such that

(1) mity -ty = mo;
(2) f(ﬂ'tl i 'ts—l) < 6(71’1251 . -ts) for all 1 <s<k.

Definition 2.10. Let w € S,,. We define the Ehresmann matrix F,, associated to w as
Ey(i,j) = #{k<jlwk) =i}, 0<ij<n.

That is, E,(i,7) counts how many values among 0,1, ..., 7 are taken by w to values greater
than or equal to ¢. Equivalently, it counts the 1’s of the permutation matrix of w lying in
the southwest rectangle determined by (3, 7).

The following criterion, originally due to Ehresmann, is a useful tool for comparing two
permutations in the Bruhat order. A proof (using slightly different conventions) can be
found in [BB05, Theorem 2.1.5].

Lemma 2.11. Let x,y € S,,. Then, we have
x <y in the Bruhat order <= E;(i,5) < Ey(i,j) foralli,j.
For z,y € S,, we denote by [z,y] the corresponding Bruhat interval
[,y ={z€ 8, |z <z<y}

The relation between dyadically well-distributed permutations and x,, and y,, is the
following:

Dp, = [$ma ym]

For the moment we are in position to prove only one inclusion. The proof of the other
inclusion is postponed to the next section.

Lemma 2.12. For all m > 1 we have [Ty, Ym] C D,

Proof. Let ™ € [Ty, ym] and B be a fundamental block. Let Ur(B) denote the number of
1’s inside the block B in the permutation matrix M,. By Remark , in order to prove
that m € Dy, it is enough to show that U,(B) = 1.

Let V1, V5, V3 and Vy be the vertices of B labeled in reading order, as is shown in Figure
Bl The inclusion-exclusion principle yields

UTK'(B) = Eﬂ'(‘/Q) - Eﬂ(vvl) - ETr(V4) + Efr(vi’)) (2'2)

By Lemma we know that zp,,ym € D In particular, via Remark we obtain
E,, (Vi) =E,, (V;) for all 1 <i <4. On the other hand, Lemma yields

for all 1 < ¢ < 4. We conclude that E,, (V;) = E-(V;). By combining these equalities with
(2.2)) we obtain Ur(B) = U,,,(B) = 1, as we wanted to show. O
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FIGURE 3. Vertices in a fundamental block

2.2. A big Bruhat hypercube. Let us introduce a special type of tiles in a 2™ x 2™-
matrix.

Definition 2.13. We say that a basic ki-interval S and a basic ks-interval T' are com-
plementary if k1 + ko = m + 1 and ki,ks > 1. A complementary block is a block in a
2™ x 2™-matrix whose entries are indexed by S x T, where S and T are complementary
intervals. We denote by C,, the set of complementary blocks.

Definition 2.14. Let Sy = {e, s}. We define a function
@ : Dy — S5

as follows. Let S be a basic ki-interval and T" a basic ke-interval such that (S,7T) € Cy,. The
submatrix Mg 1) of My corresponding to (5,T) is the union of two disjoint fundamental

blocks of size 2F1~1 x 22 Thus, if 7 € D,,, there are exactly two entries equal to 1 in MsT).-
After deleting all zero columns and rows in Mg 7y, we end up in one of the following cases:

10 01
0 1 o 10)
In the first case, we set ¢(m)(S,T) = e, and in the second case we set p(7)(S5,T") = s.
We can see ng as partially ordered set as follows.

Definition 2.15. Let m > 1 and f1, f5 € ng. We write f1 < fo if

[(P,Q) < f2(P,Q)
for all (P, Q) € Cp,. In other words, f; < fo if and only if for all (P, Q) € C,, we have

f1(P,Q) =5 = fo(P,Q) =s.

We notice that (SQC"L, <) is isomorphic as a poset to a hypercube of rank |C,,| = m2™ L.

The minimal and maximal element in (ng7 <), which we denote by f. and fs, satisfy
fe(P,Q) =e and fs(P,Q) = s for all (P,Q) € Cp,.

Lemma 2.16. The function ¢ is order-preserving. This is, for all w1, m € Dy, such that
m1 < my in the Bruhat order we have p(m1) < @(me) in (ng, <).

Proof. We argue by contraposition. Suppose that ¢(m1) £ ¢(m2). Then there exists a
complementary pair (S,T) € C,, such that

o(m)(S,T) =s and o(m2)(S,T) = e. (2.3)

Divide the complementary pair (S,T") into four congruent rectangles, as illustrated in Figure
[ Let R be the bottom-left rectangle in this subdivision, and let V3, P, V5, and V3 be the
vertices of R listed in reading order. Note that the points V; are vertices of fundamental
blocks. Since 71,72 € Dy, we have Er, (Vi) = Er,(V;) for all ¢ € {1,2,3}.
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F1GURE 4. Dividing a complementary block as in the proof of Lemma m

Let X, (R) denote the number of 1’s inside R in the permutation matrix M. By (2.3),
we have X, (R) =1 and X, (R) = 0. By inclusion—exclusion, we have

Eﬂ‘z(P) = Eﬂ'z(‘/l) + Eﬂ'z(‘/B) - Eﬂ'i(V2) + Xﬂz(R)

It follows that E. (P) — Er,(P) = 1. In particular, E.,(P) < FE (P). Therefore,
Lemma yields m1 £ w9, as we wanted to show. O

Lemma 2.17. For all m > 1 we have p(zm) = fe and ¢(ym) = fs.

Proof. Let us show the statement for z,,, the one for y,, is analogous. Let (S,T") be a
complementary pair. We need to show that ¢(z,,)(S,T) = e. Note that this means that, if
a < b e S are the two elements such that z,,(a), z,,(b) € T, then z,,(a) < ., (D).

We use the interpretation of x,, as an endomorphism of F3'. Assume S is a basic k-
interval, and T is a basic m — k + 1-interval, with £k > 1. Let Pg € an—k and Pr € Fg_l be
the binary sequences associated to S and T, respectively.

If k=1, then S = {Ps0, Psl} and T'= F5". Then, a = Ps0 and b = Pgs1 (since a < b).
Thus, z,,(a) = 0Pg! and z,(b) = 1Pg'. Tt follows that @,,(a) = Ps0 < Psl = x,(b),
since the natural order on the interval [2] becomes the lexicographic order on F5*, via our
identification [2™] <> F3".

We now assume k£ > 1. In this case the two elements in S mapping to T are

a= PsOP;* < Ps1P;' =b.
It is clear that x,,(a) = PTOPS_1 < PTlPS_1 = 2, (b) and this finishes the proof. O

Definition 2.18. Let m > 1 and 1 < k < m. For any k-bit binary string B we write Bx
for a m-bit binary string starting with B (so that x is a binary string of length m — k).

Let m € Dy, and (S,T) € Cp,. Let Ps and Pr be the binary sequences associated to S
and T, respectively. Let Pgx1, Psxy € F5' be the two m-bit binary strings starting with
Pg which are sent by 7 to strings starting with Pr. We define the flip Flgr(m) to be the
permutation which agrees with 7 on all strings other than Pgx; and Pgx9, and which sends
Pgx; to m(Pgx2) and Psxg to m(Pgx1). In other words, Flg () is 7 multiplied on the right
by the transposition (Pgki, Psx2).

In the following lemma we identify So with Z/27Z, sending e to 0 and s to 1. We can thus
identify S$™ with the set of functions f : C,, — Z/2Z.

Lemma 2.19. Let m € Dy, and (S,T) € Cp,. Let x5 : Con = Z /27 be the function sending
(S,T) to 1 and every other complementary block to 0. Then, we have

(1) FZ&T(?T) € Dy,

(2) ¢(Flsr(m)) = o(m) + xs.7-
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(3)

Um)+1, if o(m)(S,T) = 0;
Ur) =1, if o(m)(S,T) =1.
Proof. Let 0 := Flgr(m) € Dy,. By definition of the flip, the permutation matrices M, and

M, are identical outside the complementary pair (S,7). Within that block, they differ by
a local move

U(Flgr(m)) = { (2.4)

1 --- 0 0 --- 1
0 )= 0 ) (2.5)
0o --- 1 1 -+ 0

We prove each item separately.

(1) Following our established notation, we write w(Pg*1) = Pr+*; and 7(Psxg) = Prxg
for the two 1 entries in the permutation matrix of = which are moved by the flip.

Suppose that ¢ ¢ D,,. Then there is a fundamental block (U, V') such that the
equation o(Pyx) = Py« has no solution. Since m € D,,, the equation 7(Py*) =
Py« does have a solution, and indeed a unique solution. Since o differs from
only on the inputs Pg*; and Psxg, this solution must be either w(Pg*;) = Pr*; or
m(Pgk2) = Prxy. Without loss of generality, we assume it is the former. Then we
know Pgxq starts with Py and Prx*; starts with Py .

By the definition of complementary pair and fundamental block, we know that
|Ps| + |Pr| = m — 1 and |Py| + |Py| = m. This implies that either |Py| < |Pg| or
|Py| < |Pr|. In the former case, the fact that Psx; starts with Py now implies that
Py is a prefix of Pg. In particular, Psky starts with Py. By the definition of the
flip,

O'(Ps*g) = PT*1

and since Ppx; starts with Py, this provides a solution to o(Py*) = Py«’, contra-
dicting our hypothesis. If on the other hand |Py| < |Pr|, then Py is a prefix of
Pr and the equation o(Ps%1) = Ppxg provides a contradiction in exactly parallel
fashion. We conclude that o = Flg 7 (7) lies in Dy, as claimed.

(2) We now compute (o). We first note that

p(0)(S,T) = @(m)(S,T) + 1,

because the flip switches the positions of the two 1’s in the block (S, T).

It remains to show is that the flip does not change the value of ¢(7)(51,T1) for
any other complementary pair (S1,71) # (S,7). The key point is that, by the
definition of ¢, the value of ¢(0)(S1,T1) is determined by the knowledge of either
one of the two 1’s in the complementary pair (S1,77). For instance, if one of these
I’s is located in the upper left quarter of (S7,77) then the other 1 in (S1,Th) is
forced to be located in the lower right quarter, and ¢(o)(S1,71) = 0.

Now of the two 1’s lying in (S, 71), at most one of them can lie in (S,T'), since
(S,T) N (S1,T1) is contained in a fundamental block and can thus contain at most
one 1. This means that there is some 1 such that it lies in (S7,77) but does not lie
in (S,T). Since M, and M, coincide outside (S,T) we conclude that this 1 has the
same location in both M, and M,. Since the position of this common 1 determines
the value of ¢(0)(S1,71) and ¢(m)(S1,T1), we conclude that the two values are
equal, as claimed.

(3) Finally, we compute ¢(o), this is, the number of inversions of o. Since M, and M,
differ only by a local move as in ([2.5), it is clear that ¢(c) = ¢(m) + 1.
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Let us be more precise. Let i,j € [2™] be the columns where the two 1’s are
located. Suppose that in the left (resp. right) matrix corresponds to a sub-
matrix of M, (resp. M,). In this case we have ¢(m)(S,T) = 0. On the other
hand, the pair (i,j) is an inversion of o but not an inversion of w. Therefore,
(o) = £(r) + 1. This proves the first case of (2.4). The other case is analogous.

Having proved the three claims the proof is complete. ([l

Proposition 2.20. The map ¢ : Dy — ng s a poset isomorphism, i.e., m < my if and
only if o(m) < p(m).

Proof. We split the proof in three steps.

(1)

( is injective.

Let m € D,, and a € [2]. We show that 7(a) can be recovered uniquely from
p(m).

Let C7 denote the column indexed by a. Consider the unique complementary
(m, 1)-block (S1,T1) containing C. The value ¢(7)(S1,T1) specifies which of the
two sub-columns of height 27~ cannot contain 7(a). Thus, this step blocks exactly
2m=1 possible rows in Cp. Let C3 be the remaining (unblocked) sub-column, which
has height 2™,

Next, consider the unique complementary (m — 1, 2)-block (S2,T5) containing Cs.
The value o(7)(S2,T3) again blocks half of Cy, that is, a sub-column of 22 rows.
Let C3 be the remaining unblocked sub-column, now of height 2™2.

Continuing in this way, at the k-th step we block 2™~* rows. After m steps, the
total number of blocked rows is

om=bpom=24 . 4ol 490 — om_ 1

Since the entire column C; contains 2™ rows, blocking 2™ — 1 of them leaves exactly
one row unblocked, which must be the position of 7(a).

Therefore, 7(a) is uniquely determined by () for every a € [2™], and hence ¢
is injective.
 is surjective.

We use the identification Sy <+ Z/27Z as in the proof of the previous lemma.

Let f:Cy, — Z/2Z and

Ay = {(S,T) € Cp | £(S,T) =1}.

We prove that any f has a pre-image by induction on |Ag|.

If |[A¢| = 0, then f = fo = fo. Thus Lemma gives ¢(x,,) = f. This
establishes the base case of the induction.

Now fix f such that [Af| > 0. Let (S,T) € Ay and set A" = Ay \{(S,T)}. Define
g : Coy — Z/27 to be the function that takes the value 1 on A’ and 0 elsewhere. By
the induction hypothesis, there exists m, € Dy, such that p(my) = g. It follows from
Lemma [2.19 that

@(FZ(S,T)(Wg)) =

This completes the induction.
© is an isomorphism of posets.

Having already proved that ¢ is bijective, it remains to show that ¢ preserves
the order in both directions. One direction is established in Lemma [2.16] Thus, it
suffices to prove that

o) <o) = n<7, for 7, 7" € Dpy,.
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The key observation is that ¢(7) < ¢(7') implies A7) C Ay A straightforward
inductive argument on ‘Aw(ﬂ’) \Aw(ﬂ)‘, together with Items [2| and |3[in Lemm
shows that 7’ can be obtained from 7 through a sequence of length-increasing right
multiplications by transpositions. Therefore, m < 7/, as desired.

0

Theorem 2.21. For all m > 1 we have:

(1) Dy, = [Scm)ym]
(2) [xmaym} = ng

(3) The Bruhat interval [Ty, ym] is a hypercube of rank m2™~1.

Proof. By Lemma to show the first claim it is enough to prove the inclusion D,, C
[T, Ym]. Let m € Dy,. We have f. < p(7) < fs. By Lemma and Proposition we
obtain z,, < 7 < y,. This is ™ € [, Ym]. This finishes the proof of the first claim. The
second claim follows by combining Proposition and the first claim. Finally, the third
claim is a direct consequence of the second once we recall that |Cp,| = m2™~!. ]

3. CONNECTIONS, EXTENSIONS AND APPLICATIONS

In this section we point out some connections with the existing literature, explain a p-adic
generalization, and give some applications to cluster algebras and moduli of embeddings of
Bruhat graphs.

3.1. Low-discrepancy sequences. The sequence
(0,8,4,12,2,10,6,14,1,9,5,13,3,11,7,15)

appearing in Example is known (after dividing by 16 and removing the initial 0) as the
van der Corput sequence with denominator 16 in [0,1]. It is a well-known example of a
low-discrepancy or quasirandom sequence in the unit interval.

The dyadically well-distributed permutations also have an incarnation in the world of
low-discrepancy sequences. If 7 is a permutation in D,,, we may think of its permutation
matrix as a subset of 2™ points (i/2™,7(7)/2™) in the unit square. A size-2™ subset of the
square, like this one, such that each fundamental block contains exactly one of the points
is called a (0,m,2)-net. This is a special case of the more general notion of (¢,m, s)-net
defined by Niederreiter in |[Nie87]. These nets are especially well-distributed finite subsets
of [0,1]* which have proven to be widely useful for quasirandom number generation and
Monte Carlo integration, for instance in mathematical finance ( [BBG97].)

It is not hard to show that the set of (0, m, 2)-nets (up to the obvious notion of equivalence,
where a net is labeled by the set of (1/2) x (1/2™) squares it intersects) is in bijection
with D,,. In this context, the fact that there are exactly gm2™ inequivalent (0, m, 2)-nets
(part of Proposition is proved in [Xia02].

As in Remark we may think of the affine linear group GL(F3") x FJ* as a subgroup
of Som. Write B for the subgroup of upper triangular matrices in GL(F%') and G for
B x F5'. Then G permutes the basic intervals in [2], which means that D,, is preserved
under both left and right multiplication by G. In particular, this means that the double
coset By, B is contained in D,,. Note that x,,, considered as an element of GL(F%), is a
permutation matrix, corresponding to the reversal in S,,; so Bx,, B is the large cell in the
Bruhat decomposition of GL(F3"). This very natural construction was also known in the
low-discrepancy sequence setting: the (0,m, 2)-nets corresponding to Bz, B are called the
digital (0, m, 2)-nets. Indeed, one finds in that literature the condition that a matrix has all
principal minors nonsingular (see for instance Corollary 4.54 of [DP10]) but the fact that
this condition picks out the large Bruhat cell does not seem to have been noticed, just as
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the fact that the (0, m, 2)-nets form a Bruhat interval (as we show in Theorem has not
been noticed. It would be interesting to mine the literature on low-discrepancy sequences to
see if there are yet more constructions there which have unexpected connections to algebraic
combinatorics.

3.2. Powers of permutahedra. The arguments above generalize as follows. For each
t,m > 0, there is a set of t-adically well-distributed permutations D,(ﬁ) C S¢m, defined by
imitating Definition Note, in particular, that Dgt) = S;. Further examples of these

permutations are given by x%), y%) € Sym, which are the affine transformations of (Z/tZ)™
given by

a:%)(ao,... ,am_l) = (am_l,...,ao); g)(ao,...,am_ﬂ = (t— 1 —Am—1y--- ,t— 1 —ao).

(®), () (t),.(t)

Note that x%) and yﬁ,tl) are involutions, and ;7 ym = Y’ Ty is the longest element in Sym.

Definition generalizes to give a map ¢ : Dfﬁ) — S{”tmfl. Using this one can show that

) 4] = DY) = 57"
where the last isomorphism is that of posets with the Bruhat order.
For example, to construct a 3-adically well-distributed permutation in Sg we start with
the following configuration:

L{1]1]n
L1111}
L1111

01 02 03

where the large 1’s indicate that there is a unique entry equal to 1 in the corresponding
3 x 3-block, and o, 7; € S3 are permutations that indicate the relative positions of the 1’s
in the corresponding column and row, respectively. This gives us the bijection between the
3-adically well-distributed permutations in Sy and S§. To give a more concrete example:

1
1 2,3,1]

1 2,1,3]

1 3,2, 1]

1
2.1,3] [1,3,2] [1,2,3]

Changing the last column from the identity [1,2,3] to [2,1,3] results in the following
matrix.
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1 [2,3,1]

1 2,1,3]

1 3,2, 1]
1
2,1,3] [1,3,2] [2,1,3]

and we see that we have a covering relation in the Bruhat order.

Remark 3.1. Note that a usual Sudoku puzzle is a collection (o1,...,09) of 3-adically
well-distributed permutations in Sy, satisfying the condition that am}l does not have fixed
points if ¢ # j. From this viewpoint, we can define generalized Sudoku puzzles as a collection
of " t-adically well-distributed permutations (o1, ...,0¢m) in Sym such that aiaj_l does not
have fixed points if ¢ # j. For example, the following is a 2-adic Sudoku puzzle of elements
in Sg.

U N[ [T | W |

W[ [CH N |||

RO |CH N | [J[ W

S| o|w|k|oo|u|o]| =
R || o |w|—]|oo|wv
ARl |lo|w|—|w|uo|
DWW (I [O|N|—]|0
s~ |||~

3.3. Kazhdan-Lusztig d-invariant. We define the d-Kazhdan-Lusztig invariant men-
tioned in the introduction. It arises as the absolute value of the coefficient of the second
largest power in a Kazhdan-Lusztig R-polynomial, which we recall its definition now for
permutations although they can be defined for arbitrary Coxeter systems.

Definition 3.2. There is a unique family of polynomials { Ry (q)}uves, € Z[q] satisfying
the following conditions:
(1) Ryn(q) =0if u £ v;
(2) Ruov(q) =11if u=w;
(3) For 1 <i<mn,lets; = (i,i+1).
If ¢(vs;) < ¢(v) then

Ruys; s (Q), if vs; < w,
Ru,v(Q) = .
qRusi:USi(q) + (q - 1)RU,USz‘(Q)7 if V8; > .
We can now define the d-invariant.
Definition 3.3. For x,y € S, we introduce d,, € Z by

R.(q) = W) _q, Y ¢! @=t@)=1 4 ower degree terms.

We have the following recursion to compute dy .

(1) dyq =0 for any € W;
(2) for any = < y and any simple transposition s; such that ys; < y we have
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dusiysis if vs; < x,
Aoy = duye, +1, if ws; > o and ws; £ ysi, (3.1)
deys; if zs; > x and xs; < ys;.

Corollary 3.4. Let m > 1. Let x,y € [T, Ym] be such that x < y. Then, we have
Ry y(q) = (¢ — 1)"® =), (3.2)

1)m2m_1

In particular, Ry, 4..(q) = (¢ — and dy,, 4, = m2™1L.

Proof. Theorem implies that the Bruhat interval [z,y] is a hypercube. In particular,
[z,y] does not contain any interval isomorphic to S3. Therefore, follows by a direct
application of [Bre94, Theorem 6.3]. Finally, by Lemmawe have (1) —€(Tm) = m2m 1,
and the last claim follows. O

We use the name d-invariant because of the work of Patimo [Pat21], who showed that
this value is a combinatorial invariant of Bruhat intervals. Namely, it depends only on the
unlabeled Hasse diagram of the interval and not on its endpoints. Building on this fact, he
proved the Combinatorial Invariance Conjecture of Lusztig and Dyer for the g-coefficient of
a Kazhdan—Lusztig polynomial.

The main ingredient in his proof is a combinatorial formula for computing d ,, namely

d%y = min{ ’F’ ‘ F C E[x,y] and F° = E[x,y] }, (3.3)

where E|, , denotes the set of edges of the Hasse diagram of [z,y], and F° denotes the
diamond-closure of F. For the precise definition of F'* we refer to [Pat21, Definition 4.5].
Roughly speaking, F°* D Fis obtained as follows: whenever two adjacent edges of a diamond
(i.e., a rank-two hypercube) already lie in F°, we add to F® the remaining two adjacent
edges of that diamond. We repeat this process until no further edges can be added.

In general, computing d,, using is a difficult task. However, when [z,y] is a
hypercube, it is straightforward to verify that a minimal set F' satisfying the condition
in is given by the set of edges incident to x. In this way we recover the formula
iy g = m2™ 1 directly from the combinatorial definition of the d-invariant.

3.4. Cluster varieties. We say that an affine algebraic variety X is a cluster variety if its
coordinate algebra C[X] admits the structure of a cluster algebra, cf. [FZ02]. This means
that X can be covered, up to codimension 2, with algebraic tori, and each of these tori
admits a coordinate system consisting of regular functions on C[X] (the cluster variables)
such that the transition functions between the tori can be codified into a combinatorial rule
known as cluster mutation. The cluster variables can be separated into mutable and frozen.
The frozen variables are precisely those that are units in C[X], and appear as coordinates in
every algebraic torus of the cluster structure on X. While an algebraic variety may admit
many non-equivalent cluster structures, the number of frozen variables is an invariant of X,
cf. [GLS13]. The existence of a cluster structure has many consequences for the geometry
of X, for example, it implies the existence of a Z-form with positive structure constants,
[Gro+18].

Recently, it has been shown that open Richardson varieties in the flag variety admit clus-
ter structures in [Cas+25a] and, independently, in [GLS|. By the main result of [Cas+25b],
the cluster structures constructed in both works coincide. The work |GLS| uses Deodhar
geometry [Deo85| to construct the cluster structure. In particular, the number of muta-
ble variables in a seed coincides with the number of codimension-1 Deodhar strata in the
Richardson variety, and the total number of cluster variables is dim R} , = {(y) — {(z).
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Denoting the number of frozen variables by f,, we have
foy = Uy) — U(x) — #Dq, (3-4)

where D1 z,y 18 the set of codimension-1 Deodhar strata.
On the other hand, Deodhar in [Deo85, Theorem 1.3] gives an expression for the R-
polynomial in terms of the Deodhar stratification:

Ruy(q) = (g —1)"Cg"®).
5
where s runs over all Deodhar strata, and a(s) + 2b(s) = ¢(y) — £(z). The quantity b(s) is
precisely the codimension of the stratum s. There is a unique stratum so with b(sg) = 0. It
follows that we can write

Ry y(q) = (¢ — 1)H) =) 4 #Qi,y(q —1)!W==)=24 4 Jower terms.
We obtain
Ry y(q) = g W) _ (U(y) — (z) — #DL ) —t@)=1 1 Jower terms. (3.5)

Comparing and we conclude that f,, = dx,y, i.e., the number of frozen variables
in the Richardson variety R , is precisely the d-invariant dg .

Any cluster variety admits a faithful action of an algebraic abelian group, and if the
cluster variety has really full rank, this abelian group is a torus of rank equal to the number
of frozen variables, see [LS22, Section 5] for details. In particular, open Richardson varieties
have really full rank, so we have a faithful action

(C*)%v ~ Ry, (3.6)

One problem with the cluster-theoretic construction of this action is that it is non-explicit
and its construction depends on intricate combinatorics (see e.g. [Kim25, Example 4.6]) , so
it would be desirable to have a more explicit form of it. Identifying (C*)"~! with the torus
of diagonal matrices in PGL(n), it is easy to obtain a natural action of (C*)"~! on R . In
many cases (for example, when x = e (|Cas+24, Section 4]) or when y is a Grassmannian
permutation ([GL24])), we have d,, < n — 1 and the action is a quotient of the
natural (C*)"~l-action. When d,, > n — 1, it is not clear how to obtain the action of
the remaining C*-factors in (3.6). In particular, it would be very interesting to obtain an
explicit action of (C*)!Wn)=t@n) on RS . without using that R7  is already isomorphic
to a torus. Moreover, it would be interesting to know if the (C*)!wn)={=n)_action on the
open Richardson Varlety Rg ., extends to the closed Richardson variety Ry, 4, We remark
that Theorem implies, using [AB16, Corollary 3.2] and [KWY13, Corollary 1.3], that

Ry, 4, is smooth

3.5. Moduli of Bruhat interval embeddings. The Bruhat graph of an interval [z,y]
has vertices consisting of the permutations in the interval and a directed edge u — v if
u < v and u = tv for some reflection ¢t = (,j) € Sy, in which case the edge is labelled by ¢.
One can recover the unlabelled Bruhat graph of an interval from the poset [Dye91].

Bruhat graphs have natural embeddings. The symmetric group S, acts on R" via permu-
tation of coordinates. Let us fix p = (0,1,...,n — 1) and send u € [z,y] to u(p) and u — v
to the straight line connecting u(p) to v(v). This embedding has a geometric meaning: it is
the image of the 0— and 1-dimensional torus orbits in the closed Richardson variety under
the moment map [BMO1]. We will refer to this embedding as the geometric embedding
below, and stress that it is extra information.

For several questions in combinatorics and Kazhdan-Lusztig theory, it is more natural to
consider the Bruhat graph. One such example, is the combinatorial invariance conjecture
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of Dyer and Lusztig, which asserts that isomorphic intervals give rise to the same Kazhdan-
Lusztig polynomial. It is known [Dye91; BMO01| that one can recover the Kazhdan-Lusztig
polynomial from the Bruhat graph together with its embedding. A crucial difficulty is that
although two intervals may be isomorphic, their geometric embeddings might be very dif-
ferent. For example, the natural ambient spaces in which the embeddings live might not
even be of the same dimension. This motivated Hone, Klein and the last author to con-
sider a general class of embeddings of Bruhat intervals, of which the geoemtric embeddings
discussed above are an example [HKW25].

In order to explain this definition, we need to briefly recall reflection subgroups. In our
setting of the symmetric group, these are subgroups generated by any subset of transposi-
tions. Any such subgroup is isomorphic to a product of (possibly smaller) symmetric groups.
We say that a reflection subgroup is of rank 2 if it is isomorphic to Sy x S or S3. One can
detect the intersections of cosets of rank 2 reflection subgroups with any Bruhat interval.
These are precisely the diamond complete subgraphs isomorphic to an arrow, diamond or
a full S3 subgraph (see Figure . We will refer to these as rank 2 subgraphs.

The following definition (central to [HKW25|) attempts to abstract the properties of the
embeddings of Bruhat graphs that occur in nature:

Definition 3.5. Let z,y € S,,. An embedding of the Bruhat graph ¢ : [z,y] — R™ is good
if:

(1) The images of the vertices lie on a sphere S™~1 C R™;
(2) For all rank 2 subgraphs, the images of its points lie on a plane.

It is easy to see that the geometric embeddings considered above satisfy these properties.
However, even simple Bruhat intervals may have many more good embeddings than occur in
nature. For example, only a few geometric embeddings of diamonds occur in nature, whereas
the moduli space of good embeddings inside R? is an open set inside the moduli space of
4 points on a circle S ¢ R?. More generally, in the symmetric group the angles between
edges in geometric embeddings always lie in the set +7/3, £7/2 and +27/3, whereas no
such restrictions are made for good embeddings. Good embeddings appear to provide a
natural larger space in which one could attempt to relate the geometric embeddings of
isomorphic intervals.

For a fixed interval [z, y], it is natural to ask: what is the largest possible dimension in
which this interval admits a good embedding? (We always assume embeddings are such that
their vertices are not contained in an affine hyperplane.) This quantity shares at least two
properties with the number of frozen variables discussed earlier: one might (falsely) guess
that it is always bounded by n — 1; and, it is trivially bounded by ¢(y) — ¢(z). It is plausible
that these two numbers are in fact equal, however this is not known. The setting simplifies
dramatically for hypercubes. In this case this largest possible dimension is easily seen to
be the dimension of the hypercube, and the moduli of all embeddings can be understood
explicitly.

4. EXPERIMENTS WITH FUNSEARCH AND ALPHAEVOLVE

The main theorems of the present paper were suggested to us by interesting examples
that were discovered computationally. Since the computational methods employed here
(genetic algorithms using large language models as a mode of reproduction) are novel, we
will devote slightly more time than is customary to describing the course of experimentation
in a fair amount of narrative detail, in the hope that this discussion will be useful to other
mathematicians interested in employing these methods.

The initial problem we considered was that of finding pairs of permutations x,y in .S,
whose d-invariant d, , is as large as possible.
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(©) (©) O

FiGURE 5. Rank two subgraphs of Bruhat intervals for symmetric groups:
the arrow, incomplete diamonds, diamond and full S3.

This problem has two features which, together, have tended to indicate promising contexts
for exploration using machine learning methods:

e The search space (pairs of permutations) has size (n!)?, too large to search exhaus-
tively for any but the very smallest n.
e The function d, , to be maximized can be computed quickly and reliably using (3.1)).

Other problems with these features that have been subjects for machine learning exper-
iments of this kind include:

(1) The cap set problem.

Finding large subsets of (Z/3Z)"™ with no three-term arithmetic progressions.
(2) No-Isosceles Problem.

Finding large subsets of the n x n grid with no isosceles triangles.
(3) The extremal number of Cj.

Finding graphs on n vertices with as many edges as possible and no 4-cycles.

Note that the search spaces for these problems have size exponential in n? or even doubly

exponential. The search space treated here is, in some sense, relatively small among those
that are too big. This may help explain the relatively successful performance observed in
the experiments reported here.

Let f: N — N be the function given by

f(n) =max{d,, | z,y € Sp}.

It is quite easy to show that f(n) is at least within a constant of n. For instance, we have
de.w, = n — 1. Exhaustive computation for n < 7 yields

n [1]2[3[4[5]6]7
F)|o[1[2[4[5|7]9

TABLE 2. Small values of f(n)

We found a pair of permutations in Sg with d-invariant 12, but were not sure whether
this value was maximal. Indeed, for each n we were able to construct a pair of permutations
(x,y) such that d,, = 2n — 4 if n is even and 2n — 5 if n is odd. These are formed by
a construction that is easy to describe: for instance, when n = 12, a pair of permutations
with d,, = 20 is given by

r=(2,5)(4,7)(6,9)(8,11) and  y=(1,12)(2,4)(3,6)(5,8)(7,10)(9, 11).

Our goal as we began our experiments was to understand whether this lower bound was
best possible. As we record in the answer turned out to be no.
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4.1. FunSearch experiments. FunSearch is a protocol developed by Google DeepMind
in 2023 and described in [Rom+24]. FunSearch is open-source and various versions are
available. We used the implementation developed by Christofero Fraser-Taliente, which we
have found particularly mathematician-friendly, and which is publicly available at https:
//github.com/kitft/funsearch.

We recall the main idea. Our goal is to find two permutations x,y such that d, , is large.
FunSearch, rather than searching for such a pair directly, searches for a Python program
whose output is such a pair.

The main loop in the mechanism looks something like this. Here, M and m are constants
which matter only insofar as M > m.

(1) Suppose given a large number M of Python programs.

(2) Run them all. Discard all those whose output is not a pair of permutations. Among
those that remain, choose the m programs whose output has the largest value of
Ay y.

(3) Send various subsets of these m as input to a large language model, together with
a prompt asking the model to output M programs which resemble the ones in the
input.

(4) Return to step

At the initial step, the M programs can be taken to be M copies of an initial program
chosen by the user. In these experiments, we typically initialized with the program that
takes an integer n as input and outputs two copies of the identity permutation in .5,,.

The permutation-producing programs that evolve as FunSearch runs are, for historical
reasons, called priority. Importantly, the evaluation function (in this case, the function
that computes d,, given input permutations x and y) is frozen in place; we supply it to
FunSearch at the beginning and it does not evolve. This gives the user quite a bit of power
and flexibility in guiding the evolution of priority towards whatever objective is desired.

There are many ways to express a permutation in python. For these experiments, we
chose to render a permutation as a list of integers between 1 and n — 1 inclusive; this list is
interpreted by the evaluator as a product of simple reflections s;. In particular, the identity
is expressed as the empty list, so our initial program simply outputs two copies of the empty
list.

One might ask how we constrain priority to give output of this form as it evolves under
FunSearch. The answer is, we can’t! Not directly, at least. What the user controls directly
is the frozen evaluator, which we can design to give a low score to any priority whose
output isn’t in the desired form. In practice (in this experiment and many others) we
have found that this practice is sufficient to keep most of the programs in the population
producing well-formed output.

Our experiments used the prompt

The program is trying to learn a pair of permutations with large d-invariant.

On every iteration, improve priority_vl over the priority_vX methods from previous
— iterationms.

Make only small changes.

Try to make the code short.

Please do *not* use any randomness.

The request not to use randomness is because when a program with non-deterministic
output achieves a high score on a test run, we may not be able to reproduce that performance
on later runs. It’s simpler to keep track of what’s going on if a program that pleases the
evaluator is actually deterministically good.


https://github.com/kitft/funsearch
https://github.com/kitft/funsearch
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Our runs primarily used Mistral’s model mistral-small-3.1-24b-instruct, which was
chosen for cheapness. In [Ell425] we found that, in FunSearch applications, there was no
consistent performance benefit to using more expensive models. In the present project we
occasionally ran FunSearch with input from larger models, but anecdotally observed no
improvement in performance. The total cost of the FunSearch experiments reported here
was roughly 10USD in API calls to Mistral. By contrast, [Geo+25| reports that AlphaEvolve
did exhibit a benefit when supplied with calls to a more expensive LLM.

In general, programs trained by FunSearch for a fixed instance or a fixed set of instances
of a problem tend not generalize well to further instances. For instance, a program trained
to study the No-Isosceles Problem for a 9 x 9 grid does not perform very well when run on a
larger grid [Ell4-25]. This problem is quite different. FunSearch experiments rather quickly
(within a half hour) arrived at programs which gave d,, = 2n — ¢ for many n, even when
trained on only one n. For example, a run for n = 11 yielded the following program, which
produces a d-invariant of 17.
def priority(m: int) -> list:

"""Returns a pair of lists of integers between 1 and n-1, to be interpreted as a

— sequence of adjacent transpositions.
n is an int. We do not constrain the length of the lists.

a = list(range(l, n-1, 2))[::-1] + list(range(2, n-1, 2))[::-1]
b list(range(0, n-2, 2)) + list(range(n//3, n-1, 2))[::-1]

c list(range(1, n-1, 3))[::-1] + list(range(2, n-1, 3))[::-1] +
— list(range(3, n-1, 3))[::-1]

return [a, b, c]

One amusing aspect is that this program actually produces a list of three permutations,
rather than two. It turns out that the evaluator as we wrote it simply discards any extra
permutations passed to it as input. It is quite common in both FunSearch and AlphaEvolve
that LLM-generated programs contain code irrelevant to the task.

The program above produces a pair of permutations with d-invariant 11m + 6 for every
n of the form 6m + 5 that we tested, and we imagine it likely does so in general. This is
already unusually good performance; one rarely sees programs that generalize to infinitely
many problem instances.

On the other hand, when n = 13 the program gives a pair of permutations with d-invariant
13, a fairly poor performance. But a FunSearch run initialized at the above program very
rapidly found a program which yielded d-invariant 21; the only change is that the definition
of the second permutation changes to

b = list(range(0, n-1, 2)) + list(range(n//4, n-1, 2))[::-1]

This suggested manually checking which value of the beginning of the second range (n
// 3 in the first program trained on n = 11, n // 4 in the second trained on n = 13) gives
optimal performance. It turns out that in practice it seems best always to start the range
at 3. This manually modified program yields a pair of permutations with d-invariant 2n — 5
for all nE] This performance was equal to that of the best pair of permutations we came up
with for odd n, and worse by 1 for even n. The permutations generated by this program
were not identical to the ones we knew, but were in some sense “in the same spirit” — in
particular, the number of involutions in both sets of permutations is linear in n, meaning
that we are very close to the bottom of the Bruhat order.

1Or so the data suggests; since this turned out not to be optimal, we did not write down a proof that
this works for all n.
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4.2. AlphaEvolve experiments. We then moved on to AlphaEvolve, another evolution-
ary protocol designed by DeepMind as a successor to FunSearch. AlphaEvolve is expected
to be released as an open-source package in the near future, but for the moment we ran
our trials internally at DeepMind. AlphaEvolve has already been observed to do well at
example-finding in a wide variety of problems in both discrete and continuous areas of math-
ematics, and in some cases to find examples for a single problem instance that generalize to
an infinite family of instances [Geo+25]. Customary practice in AlphaEvolve runs is to use
a less terse, more directive prompt. (From [Geo+25]: “Giving AlphaEvolve an insightful
piece of expert advice in the prompt almost always led to significantly better results.”)
Here’s the prompt we used:
The prompt begins

Maximizing the d-invariant of Kazhdan-Lusztig polynomials

Act as an expert in computational algebra and combinatorial optimization. Your task is to

— find pairs of permutations "x° and "y~ in the symmetric group S_n that have the largest

<+ possible "d-invariant", denoted d(x,y). This invariant is a coefficient of a

— Kazhdan-Lusztig polynomial.

You need to produce a search function that, given an integer "n”, finds the best pair of

— permutations of size "n”. A permutation should be represented as a tuple of integers

— from 1 to “n”. For example, for n=3, a valid pair could be ~((1, 3, 2), (3, 2, 1))".
and ends

xkHint:** It is known that the maximum value of d(x,y) for large "n” is at least “2n-57
— (for odd "n’) and “2n-4" (for even "n’). Try to find pairs that meet or exceed this
— bound!

**Second Hint**: While the above prompt tells you to write a search function, what you
really want is a general solution. Your program will be tested on some pretty large
values of n, where search won't help you. Instead, while in the short term a search
might help you, in the long term the only way you can solve this problem is by finding
a general construction. This general construction can of course still contain a tiny
bit of search in it, but it should contain some good structure based on ideas and
understanding, it should NOT be just a general purpose search heuristic. We are here
for the long term, so this is what you should focus on. Research maths is a marathon,
not a sprint. Now go and find that general construction that solves the problem for all
n!

R

You got this! I believe in you!!!

Rather than training on a single n, we evaluated programs by computing the d-invariant
of their output for all n from 10 to 50 and averaging the results. The idea is to incen-
tivize evolution to produce programs that work for many or even all n, rather than being
overfitted to the particular n trained on. This is the approach called “generalizer mode”
in [Geo+25]. It’s worth noting that the “generalizer” mode of evaluation has been tried in
many FunSearch experiment, with quite weak results; one apparent advantage of AlphaE-
volve is it seems better able to aggregate information from combined evaluation on many
problem instances.

AlphaEvolve ran for several hours, and produced programs which gave d-invariants ex-
ceeding 2n — 5 for most n; to the eye, the performance of these programs still seemed to
be linear in n with constant 2. Letting AlphaEvolve run overnight, though, resulted in
the qualitative improvement we report on in the main body of this paper. The resulting
program produced d-invariants which appeared to be (and quickly proved to be) superlinear
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in n. The program, its output, and the full prompt used to start the evolution process can
be found at https://github.com/JSEllenberg/Bruhat-hypercubes/tree/mainl

This run evaluated around 3000-5000 programs; its model calls were to a combination of
Gemini 2.5 Flash and Gemini 2.5 Pro, and solicited from those models a number of tokens
that would have cost about 70USD at public rates[]

The evolved program is rather long, and contains substantially more non-functional code
than the FunSearch examples above. (Note that the instruction to "keep the code short” is
no longer present in the prompt.) There is a “simulated annealing” routine which we believe
is almost never actually executed, and a search over a large class of recursive constructions
which in fact always ends up using one particular recursive construction.

Denoting by a(n) the d-invariant of the permutations in S,, outputted by the program,
we observed what appears to be the relation «(2n) = 2a(n) + n, and in particular, that
a(2™) = m2™~! in the range of values tested.

In fact, after inspection of the code we were able to come up with a simple description
of what the program (or rather, the small part of the program that was actually doing the
work) was doing when n = 2™ and this is what gave rise to the definition of x,, and y,,
appearing in the main body of the paper. In fact, x3 and y3 were the same permutations
in Sg we had already found in Sg. So in an alternate universe, we might have noticed that
these two permutations on 8 letters had this simple description in terms of length-3 binary
expansion. But we did not in fact notice this until alerted to it by the presence of a program
that computed this permutation for binary expansions of any length.

As discussed in section these permutations of 2™ letters are already known in the
world of low-discrepancy sequences. We searched the logs for relevant keywords to see
whether AlphaEvolve was drawing these permutations from the existing literature, but
found no references to low-discrepancy sequences. We did find some references to bit-
reversal permutations, and even programs which computed z,, and y,, for n = 2; but
these programs did not end up in the lineage that led to the final successful program!
That’s because these particular programs performed very poorly on values of n which were
not powers of 2. This scenario illustrates the importance of thinking about the scoring func-
tion. If s(n) is the d-invariant of the two permutations a program outputs in S,,, our scoring
function was 220:10 s(n). But since the maximal d-invariant in S,, is monotone in n, we
could instead have used this knowledge and evaluated our function by 220:10 max;<p (7).
This would have assigned a high score to the first functions to try the bit-reversal permuta-
tions for n = 2™. In this case, it didn’t matter, since AlphaEvolve eventually arrived at the
bit-reversal permutations again, and this time with a program that performed adequately
for all n in the range.

We had some prior intuition that pairs of permutations x, y with large d-invariant would
have something to do with large hypercubes in the Bruhat order. Thus, it was very appealing
and not completely surprising when we noticed that, for m = 3 and m = 4, the Kazhdan-
Lusztig R-polynomial is a power of (¢ — 1), which is consistent with the Bruhat interval
[, Ym] being a hypercube (that is, equivalent as a directed graph to (Z/27)? with edges
corresponding to changing a single coordinate from 0 to 1.) It thus seemed likely that
this interval was in fact a hypercube of dimension m2™~!. We expected that this might
be difficult to prove, since in general it is challenging even to compute the cardinality of
the Bruhat interval between two permutations, let alone determine its structure. In this
case, however, as we explain in the main body of the paper, we were able to find an explicit

20f course these dollar amounts are quite unstable; we merely want to make the point that the kind
of experiments we're talking about don’t require computational resources that are infeasible for individual
researchers.
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description of the permutations lying in the Bruhat interval [z,,, y,| which made everything

tractable.

It is probably not a coincidence that the three desirable phenomena

e Qualitative, not just incremental improvement over previous best known optimum
for the combinatorial problem;

e Highly interpretable program;

e Output which can be proven to give good examples for all n, not just those in the
training range, and which seems to be of interest for reasons beyond its good score
on the trained-for objective;

all occur together in this case.

It’s interesting that we found a very large hypercube while running a search optimized
for a different objective, maximizing the d-invariant. It is interesting to wonder whether
AlphaEvolve would have done as well if asked directly to find a Bruhat interval that was a
large hypercube, rather than a large d-invariant.
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